Some dynamical properties for a dissipative kicked rotator are studied. Our results show that when dissipation is taken into account a drastic change happens in the structure of the phase space in the sense that the mixed structure is modified and attracting fixed points and chaotic attractors are observed. A detailed numerical investigation in a two-dimensional parameter space based on the behavior of the Lyapunov exponent is considered. Our results show the existence of infinite self-similar shrimp-shaped structures corresponding to periodic attractors, embedded in a large region corresponding to the chaotic regime. A strongly dissipative kicked rotator is studied. The investigation is based mainly on the asymptotic behavior of the Lyapunov exponents. Our results show that by reducing the two-dimensional map to a one-dimensional map in the limit of infinite kicks, the Feigenbaum's d is recovered. An investigation in the parameter space (the dissipation parameter and the kicking parameter) reveals the existence of infinite families of self-similar structures of shrimp-shape embedded in a large region corresponding to the chaotic regime. The organization of stability shrimps reported here for the discrete-time kicked rotator agrees well with the parameter space organization reported recently in the literature for several flows (continuous-time systems).
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A strongly dissipative kicked rotator is studied. The investigation is based mainly on the asymptotic behavior of the Lyapunov exponents. Our results show that by reducing the two-dimensional map to a one-dimensional map in the limit of infinite kicks, the Feigenbaum's d is recovered. An investigation in the parameter space (the dissipation parameter and the kicking parameter) reveals the existence of infinite families of self-similar structures of shrimp-shape embedded in a large region corresponding to the chaotic regime. The organization of stability shrimps reported here for the discrete-time kicked rotator agrees well with the parameter space organization reported recently in the literature for several flows (continuous-time systems).
I. INTRODUCTION
Studies in dissipative systems have attracted much attention during the last decades, and it has been used in various fields of science including optics, 1,2 turbulence and fluid dynamics, 3, 4 nanotechnology, 5, 6 atomic and molecular physics, 7, 8 and quantum and relativistic systems. 9, 10 One system of special importance for its large applicability, which has been the subject of extensive research, is the standard map. Proposed originally by Chirikov 11, 12 in 1969, the standard map is a dynamical system which describes the motion of a kicked rotator. Since the pioneering paper of 1969, the standard map has been applied in many different fields of science including solid state physics, 13 statistical mechanics, 14 accelerator physics, 15 problems of quantum mechanics and quantum chaos, 16, 17 plasma physics, 18 ratchet transport, 19 and many others.
The dynamics of the kicked rotator is controlled by the kicking parameter K and in the absence of dissipative forces; if K is small enough, the structure of the phase space is mixed [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] in the sense that Kolmogorov-Arnold-Moser (KAM) invariant tori and regular islands are observed coexisting with chaotic seas. As the parameter K increases and becomes larger than K c % 0.971635..., the last invariant spanning curve disappears and the system presents a globally chaotic component in the sense that a chaotic orbit can spread over the phase space. However, the introduction of dissipation in the model changes completely the mixed structure and the system exhibits attractors. [35] [36] [37] In the regime of strong dissipation, the model exhibits a period doubling bifurcation cascade, and the so called Feigenbaum's d, which is the rate of the bifurcations, can be obtained numerically. On the other hand, when weak dissipation is taken into account, a drastic change occurs in the behavior of the average energy. The unlimited energy growth present in the Hamiltonian case 38 for the case K ) K c is no longer observed. The average action exhibits a characteristic saturation value which can be described using scaling arguments. Additionally, such a behavior can be described remarkably well by an empirical universal function of the type f(
, where b is the acceleration exponent. Such a function can also be applied to many dissipative systems. [39] [40] [41] [42] In this paper, we will explore some properties of a dissipative standard map seeking to understand and describe its parameter space. We specifically take into account its two-dimensional parameter space, namely, the dissipation parameter c and the amplitude of the kicks K. We revisit the parameter space of the dissipative standard map where the existence of self-similar structures called shrimps was shown. 44 According to Ref. 43 , "Shrimps are formed by a regular set of adjacent windows centered around the main pair of intersecting superstable parabolic arcs. A shrimp is a doubly infinite mosaic of stability domains composed by an innermost main domain plus all the adjacent stability domains arising from two period-doubling cascades together with their corresponding domains of chaos. Shrimps should not be confused with their innermost main domain of periodicity." Results by Gaspard et al. 45 in 1984, Rössler et al. 46 in 1989, and Komuro et al. 47 in 1991 already demonstrated the existence of self-similar periodic structures in a 2D-mapping of the Chua's system, the logistic map, and the mapping of the double scroll circuit, respectively. However, it was after the pioneering paper of Gallas 48 in 1993 studying the parameter space of the Hénon map that the parameter space attracted much attention, and since then, it has already been shown that such shrimp-shaped domains can be found in many theoretical models. [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] Very recently, they were also observed experimentally in a circuit of the Nishio-Inaba family. 59 A recent result from one of the pioneers of chaos theory, 60 was also devoted to this intriguing and rich parameter space structures. Here, in order to classify regions in the parameter space with regular or chaotic behavior, we use as a tool the Lyapunov exponent. We adopt the following procedure: starting with a fixed initial condition, after a long transient, the Lyapunov exponent is obtained and, for each combination of (K, c), a color is attributed. After that we give an increment in the parameters. We use the last value obtained for the dynamical variables (I, h) before the increment, as the new initial condition after the increment. This ensures that we are always in the basin of the same attractor. These self-similar very well organized structures of shrimp-shape are shown embedded into a large region corresponding to chaotic attractors.
The paper is organized as follows. In Sec. II, we describe all the necessary details to obtain the two-dimensional map that describes the dynamics of the system and also we present and discuss our numerical results. Conclusions are drawn in Sec. III.
II. THE MODEL AND THE NUMERICAL RESULTS
The Hamiltonian that describes the dynamics of the kicked rotator has the following form: 61, 62 HðI; h; tÞ ¼ I
where I and h are the action and angle variables, respectively. K is the amplitude of the delta-function pulses (kicks), the kicking parameter. The equations of motion can be easily found and are given by
Assuming that (I n , h n ) are the values of the variables just before the (n þ 1) th kick, (I nþ1 , h nþ1 ) represent their values just before the (n þ 2) th kick, and introducing a dissipative parameter 63 c, the dynamics of a dissipative kicked rotator is described by the following two-dimensional nonlinear map:
where c 2 0; 1 ½ is the dissipation parameter. When dissipation is taken into account the structure of the phase space is changed. Then, an elliptical fixed point (generally surrounded by KAM islands) turns into a sink. Regions of the chaotic sea might be replaced by chaotic attractors. Figure  1(a) shows the structure of the phase space for the conservative dynamics (c ¼ 0) with K ¼ 1. As it is well known for such a value of the kicking parameter K, the last invariant torus is destroyed and the phase space has one large chaotic sea, the nested structures of thin chaotic layers, and KAM islands. Figure 1(b) shows the basin of attraction where the main fixed points are of period 1 (red and black), 2 (cyan)
One can see that many periodic attractors emerge for such a choice of control parameters. It is important to stress that other attractors could in principle exist. If they exist, however, their basins of attraction are too small to be observed.
We now consider the regime of strong dissipation. It corresponds to the case where the action I loses more than 70% of its value upon a kick. We considered the case of 
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.53) and investigated its attraction to periodic orbits, and looked at the bifurcations as K varies in the range where global chaos is observed in the non-dissipative regime, i.e., c ¼ 0. Figure 2(a) shows the behavior of the asymptotic action plotted against the control parameter K, where a sequence of period doubling bifurcations is evident. [65] [66] [67] The bifurcations observed in (a) are marked by the vanishing Lyapunov exponent at the same control parameter K as shown in Fig. 2(b) . As discussed by Eckmann and Ruelle, 64 the Lyapunov exponents are defined as
where K j are the eigenvalues of M ¼ Q n i¼1 J i ðh i ; I i Þ and J i is the Jacobian matrix evaluated over the orbit (h i , I i ). However, a direct implementation of a computational algorithm to evaluate Eq. (4) has a severe limitation to obtain M. For the limit of short n, the components of M can assume different orders of magnitude for chaotic orbits and periodic attractors, making the implementation of the algorithm impracticable. To avoid such a problem, J can be written as J ¼ HT, where H is an orthogonal matrix and T is a right up triangular matrix. M is rewritten as
The same procedure can be used to obtain T 2 ¼ H 
If at least one of the k j is positive then the orbit is said to be chaotic. 
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A dissipative kicked rotator Chaos 21, 043122 (2011) when the bifurcations occur, the exponent k vanishes. The Lyapunov exponents between 5.66 < K < 5.69 correspond to the small sequence of bifurcations observed in Fig. 2(a) for the same range of the control parameter K. Feigenbaum 68, 69 observed that there is an universal feature along the bifurcations. The period doubling bifurcations converge geometrically to the chaos border at a constant rate d. The procedure used to obtain the Feigenbaum constant d is as follows: let K 1 represent the control parameter value at which period-1 gives birth to a period-2 orbit, K 2 is the value where period-2 changes to period-4, and so on. In general, the parameter K n corresponds to the control parameter value at which a period-2 n orbit is born. Thus, the Feigenbaum's d is written as
The theoretical value for the Feigenbaum constant d is d ¼ 4.669201609.... Considering the numerical data obtained through the Lyapunov exponents calculation, the Feigenbaum's d obtained for the dissipative standard map is d ¼ 4.66920050635855... considering bifurcations up to 11th order (see Table I ). Here, it is important to emphasize that such a constant is obtained for dissipative systems where the two-dimensional model is reduced to a one-dimensional as n ! 1. Such a universal constant has been found numerically in other systems, namely, the logistic map 70 and the dissipative Fermi-Ulam model 71 just to mention two of them. On the other hand, if this "two-dimensional character is preserved," the universal constant may be different. 72, 73 To investigate the parameter space, we may change both the dissipation parameter c and the intensity of the nonlinearity K (the kicking parameter) of the system (3). For each combination of them and after a long transient, the Lyapunov exponent is computed. Based on its value, a color is attributed to each combination of (K,c). Figure 3 shows the structure of the parameter space for the dissipative standard map where a shrimp shaped structure is evident. Such a region of the parameter space indeed agrees with Ref. 44 . The procedure used to construct the figure was to divide both Fig. 4(b) ; and (e) and (f) are magnification of the boxes D and E in Fig. 4(d) . Numbers represent the period of the main structure of each shrimp. The color coding runs between the maximum and minimum value of the entire plot, and its numerical value is indicated, which changes from plot to plot.
conditions. Starting with I 0 ¼ 5.53 and h 0 ¼ 3 as initial condition, for each increment in K and c, we follow the attractor. This means that we have used the last value obtained for (h, I) before the increment, as the new initial condition after the increment. Using this approach, we lose the information about many other attractors, because it can happen that the chosen initial condition belongs to the basin of attraction of another attractor. In our simulations, we considered a transient of n ¼ 1 Â 10 7 iterations, and the Lyapunov exponent was computed for the next n ¼ 1 Â 10 6 iterations. The exponents are coded with a continuous color scale ranging from green-blue (positive exponents) to red-yellow (negative exponents). It is important to emphasize that the color scaling was changed from plot to plot. Figure 3(b) shows a magnification of the main structure in Fig. 3(a) , and colors indicate the period. Each shrimp consists of a main body followed by an infinite sequence of bifurcations following the rule k Â 2 n , where k is the period of the main body. In the case of Fig. 3(b) , k ¼ 4 which is shown in red, green corresponds to period 8, blue denotes period 16, and so on. Figure 4 shows several figures with magnification of regions in the parameter space. Figure 4(a) shows an enlargement of the region inside the box of Fig. 3(a) . As one can see, there are two small shrimps of period 12. Another magnification (inside the box A in Fig. 4(a) ) reveals the existence of many other shrimps in Fig. 4(b) . An enlargement of the region inside box B in Fig. 4(b) reveals the same structure observed in Fig. 4(a) , which indicates that if infinite enlargements are made, such structures will have essentially the same shape, however, with different periods. Additionally, these structures seem to be organized in a very specific direction in the parameter space [see Fig. 4(d) ], which can be approximated by the equation K ¼ 19:660 À 13:801c:
(7) Figure 5 shows a bifurcation diagram obtained by turning K and c simultaneously according to Eq. (7). As one can see, the diagram reflects very well the information obtained from Fig. 4 
III. CONCLUSIONS
Some results for a dissipative standard map have been addressed. When dissipation is taken into account, the mixed structure of the phase space is changed, the elliptic fixed points are replaced by attracting fixed points. For the regime of strong dissipation, the model exhibits a period doubling bifurcation cascade, where the Feigenbaum d ¼ 4.66920050635855... was numerically obtained. Based on the Lyapunov exponent, we show that the parameter space (K, c), where c is the dissipation parameter and K the kicking parameter, is very rich and exhibits infinite families of self-similar shrimp-shape structures, corresponding to periodic attractors, embedded in a large region corresponding to chaotic attractors. We observe that they are organized in a particular way described along the straight line according to K ¼ 19.660 À 13.801c, where the alternation between regular behavior and chaos has been shown in period-doubling bifurcation cascades. 
